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We propose a new ghost-free model describing massive spin two field.1 This model consists of a kinetic term and interaction
terms without derivative. We report on the properties of this model, especially we consider what could happen when this model
couples with gravity. Although the model does not generate any ghost on the Minkowski space-time, it is not so clear whether
or not this property is preserved even on curved space-time. In fact, Buchbinder et al. have found that the ghost appears even
in the Fierz-Pauli theory on curved space-time if we do not include non-minimal coupling terms. We report on the model with
interactions on curved space-time and show that we can construct a model without ghost by including non-minimal coupling
terms.
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1 Introduction
Recently there have been much progress in the study of
massive gravity [4, 5] and bigravity [6, 7, 8], with which
motivated, we propose a new kind of model for massive
spin-two field and investigate the properties. There are
several motivations why we study this model: 1. As we
discuss, the condensation of the symmetric tensor may
break the supersymmetry. 2. The condensation may
also explain the accelerating expansion of the present
universe. 3. The particles corresponding to the massive
spin two field may be a candidate of the dark matter.
The free theory of the massive spin two field, which
is called massive gravity, was proposed three the fourth
century ago, by Fierz and Pauli [9]. The Lagrangian
density for the massless spin-two field (graviton) hµν is
given by linearizing the Einstein-Hilbert Lagrangian,
L0 =− 1
2
∂λhµν∂
λhµν + ∂λh
λ
µ∂νh
µν − ∂µhµν∂νh
+
1
2
∂λh∂
λh . (1)
Here h ≡ hµµ. On the other hand, the Lagrangian
density of the massive graviton with mass m has the
following form:
Lm = L0 − m
2
2
(
hµνh
µν − h2) , (2)
which is called the Fierz-Pauli Lagrangian density.
We should note that the massless graviton has 2
degrees of freedom corresponding to the helicity but
the massive graviton has five degrees of freedom be-
cause the representation of the spin two states have
five degrees of freedom (as known in quantum mechan-
ics, the representation of the general spin s states is
2s+ 1 dimensional). The Hamiltonian analysis surely
tells that the massive gravity has five propagating de-
grees of freedom in four dimensions. In m = 0 case, h0i
and h00 play the role of the Lagrange multipliers and
give 4 constraints, which are the first class constraints
associated with the gauge symmetry corresponding to
the general covariance. In four dimensions, hij and
the conjugate momenta piij have 6 components, respec-
tively, which give 12 dimensional phase space. Because
of the 4 constraints and 4 gauge invariances, the phase
space reduces to 4 dimensional one, which corresponds
to the two polarizations, that is, helicities of massless
graviton. On the other hand, in case m 6= 0, h0i’s are
no longer the Lagrange multipliers but the equation
given by the variation of h0i can be solved with respect
to h0i. Even in case m 6= 0, h00 plays the role of the
Lagrange multiplier and gives a single constraint. Be-
cause we also obtain a secondary constraint, there are
two second class constraints and in four dimensions, we
obtain 10 degrees of freedom because 12 dimensional
phase space minus 2 constraints are equal to the 10
physical degrees of freedom, which corresponds to the
5 polarizations of the massive graviton and their con-
jugate momenta.
Although we obtain a consistent free field theory
of the massive graviton, if we include the interaction,
there seems to appear always a ghost scalar field called
1 This report is based on the collaborations with Y. Ohara and S. Akagi [1, 2, 3].
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the Boulware-Deser ghost [10, 11]. This is because due
to the non-linearity, h00 cannot be the Lagrange multi-
plier field and there appears one extra scalar field. Af-
ter that, there had not been much progress for a long
time but recently, remarkable formulations to construct
ghost free models of massive gravity [4, 5] and bigravity
[6, 7, 8] have been found. The bimetric gravity or bi-
gravity has the dynamical metric fµν and therefore the
model is background independent. This model includes
both of the massless graviton and massive graviton.
The F (R) gravity extension [12, 13, 14] has been
also well-studied and it has been shown that arbitrary
evolution of the expansion of the universe can be re-
produced.
2 New theory of massive spin-two field
Recently new ghost free interactions called “pseudo”
linear terms has been proposed [15] (see also [16]),
Ld,n ∼ηµ1ν1···µnνn∂µ1∂ν1hµ2ν2
· · · ∂µd−1∂νd−1hµdνdhµd+1νd+1 . (3)
Here ηµ1ν1µ2ν2 ≡ ηµ1ν1ηµ2ν2 − ηµ1ν2ηµ2ν1 ,
ηµ1ν1µ2ν2µ3ν3 ≡ ηµ1ν1ηµ2ν2ηµ3ν3 − ηµ1ν1ηµ2ν3ηµ3ν2 +
ηµ1ν2ηµ2ν3ηµ3ν1 − ηµ1ν2ηµ2ν1ηµ3ν3 + ηµ1ν3ηµ2ν1ηµ3ν2 −
ηµ1ν3ηµ2ν2ηµ3ν1 . The terms in (3) is linear with respect
to h00 in the Hamiltonian
2 and there do not appear
the terms which include both of h00 and h0i. Therefore
the variation of h00 gives a constraint for hij and their
conjugate momenta piij . Then by including the sec-
ondary constraint, we can eliminate the ghost and we
may obtain a power-counting renormalizable model of
the massive spin two field, whose Lagrangian density
is given by
Lh0 =1
2
ηµ1ν1µ2ν2µ3ν3 (∂µ1∂ν1hµ2ν2)hµ3ν3
− m
2
2
ηµ1ν1µ2ν2hµ1ν1hµ2ν2
− µ
3!
ηµ1ν1µ2ν2µ3ν3hµ1ν1hµ2ν2hµ3ν3
− λ
4!
ηµ1ν1µ2ν2µ3ν3µ4ν4hµ1ν1hµ2ν2hµ3ν3hµ4ν4 .
(4)
Here m and µ are parameters with the dimension of
mass and λ is a dimensionless parameter. Therefore
the model (4) is power-counting renormalizable and of
course free from ghost. The model is not, however, re-
ally renormalizable. This is because the propagator is
given by
Dmαβ,ρσ =
1
2 (p2 +m2)
{
PmαρP
m
βσ + P
m
ασP
m
βρ
− 2
D − 1P
m
αβP
m
ρσ
}
. (5)
Here Pmµν ≡ ηµν+ pµpνm2 is a projection operator on mass-
shell. Due to the projection operator, when p2 → ∞,
the propagator behaves as Dmαβ,ρσ ∼ O
(
p2
)
and there-
fore the model (4) is not renormalizable.
We may consider the classical solution by assuming
hµν = Cηµν with a constant C. Then the action re-
duces to the following form: S = − ∫ d4xV (C). Here
V (C) ≡ −6m2C2 + 4µC3 + λC4. Then C can be
determined by the condition V ′(C) = 0. We should
note that when µ = λ = 0, which corresponds to the
Fierz-Pauli model, V (C) is unbounded below but this
does not generate any inconsistency because C does not
propagate and therefore does not roll down the poten-
tial. On the other hand, on the local minimum of the
potential (m2 < 0), hµν becomes tachyon and therefore
the local minimum corresponds to the instability (see
Fig.1).
In order to show that C is always a constant, we
consider the equation of motion given by
0 =ηµνµ1ν1µ2ν2∂µ1∂ν1hµ2ν2 −m2ηµνµ1ν1hµ1ν1
− µ
2
ηµνµ1ν1µ2ν2hµ1ν1hµ2ν2
− λ
3!
ηµνµ1ν1µ2ν2µ3ν3hµ1ν1hµ2ν2hµ3ν3 . (6)
When we assume hµν = Cηµν but C is not a constant,
Eq. (6) reduces into the following form:
0 = ηµν
(
2C − 3m2C − 3µC2 + 3λC3)− 2∂µ∂νC ,
(7)
which tells that C should be a constant and therefore
even if C is on the local maximum of the potential, C
does not roll down. This could be consistent because
only massive spin two mode can propagate but there
is no propagating scalar mode in the model.
For simplicity, we parametrize m2 and µ by us-
ing new parameters C1 and C2, m
2 = −λ3C1C2 and
µ = −λ3 (C1 + C2). Then the solutions of the equa-
tion V ′(C) = 0 are given by C = 0, C1, C2 and
2 For example,
ηµ1ν1µ2ν2hµ1ν1hµ2ν2 ∼h00 (h11 + h22 + h33) + terms not including h00 ,
ηµ1ν1µ2ν2µ3ν3 (∂µ1∂ν1hµ2ν2 )hµ3ν3 ∼
(
∂21h00
)
(h22 + h33 − 2h23h32) + · · · .
2
we find V (C1) =
λ
3C
3
1 (−C1 + 2C2) and V (C2) =
λ
3C
3
2 (−C2 + 2C1). If we naively couple the model with
gravity, V (C) plays the role of the cosmological con-
stant. Then we might obtain the accelerating expan-
sion of the universe, which could be the de Sitter space-
time, if V > 0. On the other hand, V < 0 could
correspond to the anti-de Sitter space-time. When
λ > 0, there appear two unstable anti-de Sitter space-
time. On the other hand, when λ < 0, two cases ap-
pear. In one case, there are two solutions correspond-
ing to the unstable anti-de Sitter space-time and the
stable de Sitter space-time. In another case, one solu-
tion is the stable anti-de Sitter space-time and another
is the unstable anti-de Sitter space-time. When we
consider the supersymmetric model, if E > 0, there
might occurs the breaking of supersymmetry. The re-
lation between C1,2 and the corresponding space-time
and the stability of the solutions is summarized in Ta-
ble.2. We should also note that C1 and C2 are given
by C1 =
−3µ+
√
9µ2+12m2λ
2λ and C2 =
−3µ−
√
9µ2+12m2λ
2λ .
3 New bigravity
If we couple the model of massive spin two field with
the gravity, the model might be regarded as a new bi-
gravity,
S =
∫
d4x
√−g
{
1
2
gµ1ν1µ2ν2µ3ν3∇µ1∇ν1hµ2ν2hµ3ν3
− 1
2
m2gµ1ν1µ2ν2hµ1ν1hµ2ν2
− µ
3!
gµ1ν1µ2ν2µ3ν3hµ1ν1hµ2ν2hµ3ν3
− λ
4!
gµ1ν1µ2ν2µ3ν3µ4ν4hµ1ν1hµ2ν2hµ3ν3hµ4ν4
}
.
(8)
Here hµν is not the perturbation in gµν but hµν is a
field independent of gµν .
Naively if we work in the local Lorentz frame, we
might expect that there does not appear any ghost.
Buchbinder et al. [17, 18], however, have shown that
even in case of the Fierz-Pauli model, consistent theory
should be
S =
∫
dDx
√−g
{
1
4
∇µh∇µh− 1
4
∇µhνρ∇µhνρ
− 1
2
∇µhµν∇νh+ 1
2
∇µhνρ∇ρhνµ + ξ
2D
Rhµνh
µν
+
1− 2ξ
4D
Rh2 − m
2
4
hµνh
µν +
m2
4
h2
}
. (9)
Furthermore the background space-time should be the
Einstein space where Rµν =
1
DgµνR.
3 In case of in-
teracting model in this report, we have shown that the
3 The inconsistence when the Fierz-Pauli model couples with gravity was found in [19].
t
local maximum
no tachyon for hµν (m
2 > 0)
stable
C does not roll down
t
local minimum
tachyon for hµν (m
2 < 0)
unstable
Figure 1: Upward convex potential (left) is stable but downward convex potential is unstable, which might be
counter-intuitive.
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consistent model is given by
S =
∫
d4x
√−g
{
1
2
∇µh∇µh− 1
2
∇µhνρ∇µhνρ
−∇µhµν∇νh+∇µhνρ∇ρhνµ + ξ
4
Rhαβh
αβ
+
1− 2ξ
8
Rh2 +
m2
2
gµ1ν1µ2ν2hµ1ν1hµ2ν2
− µ
3!
gµ1ν1µ2ν2µ3ν3hµ1ν1hµ2ν2hµ3ν3
− λ
4!
ηµ1ν1µ2ν2µ3ν3µ4ν4hµ1ν1hµ2ν2hµ3ν3hµ4ν4
}
.
(10)
In Eq. (10), the changes from (8) are only for quadratic
terms as in the Fierz-Pauli model. Therefore we
may consider (anti-)de Sitter (-Schwarzschild or Kerr)
space-time as exact solutions.
By assuming hµν = Cgµν with a constant C, the
action (10) can be rewritten as
S =−
∫
d4x
√−gV (C) + 1
2κ2
∫
d4x
√−gR ,
V (C) =− {6m2 + (2− 3ξ)R}C2 + 4µC3 + λC4 ,
S =
{
(2− 3ξ)C2 + 1
2κ2
}∫
d4x
√−g [R − 2Λeff] .
(11)
Then the effective mass M is given by M2 ≡
m2 − 2µC − λC2 and the effective cosmological
constant by Λeff ≡ κ
2(−6m2C2+4µC3+λC4)
2κ2C2(2−3ξ)+1 . Then
we obtain R = 4Λeff , which tells V0
′(C) =
4C
{−2µζC3 + (λ+ 6ζm2)C2 + 3µC − 3m2} = 0.
Here ζ ≡ κ2 (2− 3ξ). Besides a trivial solution C = 0,
the non-trivial solutions can be obtained by defin-
ing C = 4x + λ+6ζm
2
6µζ , p = − 13
{(
λ+6ζm2
2µζ
)2
+ 92ζ
}
,
q = 227
(
λ+6ζm2
2µζ
)3
− λ4µζ2 , and ω ≡ ei2pi/3. Then the
explicit expressions of solutions are given by
x =ωk
3
√
− q
2
+
√(q
2
)2
+
(p
3
)3
+ ω3−k
3
√
− q
2
−
√(q
2
)2
+
(p
3
)3
, k = 1, 2, 3 .
(12)
and the determinant is given by D = −27q2 − 4p3 =
−22·33
{(
q
2
)2
+
(
p
3
)3}
Then except the case q = p = 0,
we find,
1. D > 0 There are three different real solutions.
2. D < 0 There is only one real solution.
3. D = 0 There are three real solutions but two of
them are degenerate with each other.
We should note that the stability of the solution is re-
lated with the Higuchi bound [20].
4 Summary
We propose a new theory describing massive spin two
field and consider the coupling of the theory with grav-
ity, which may be a new kind of bimetric gravity or bi-
gravity. Then we find the massive spin two field plays
the role of the cosmological constant. We have also
shown that
• The conditions of no ghost is not changed from
those in the Fierz-Pauli case.
• There could be the accelerating expansion of the
universe (inflation or dark energy).
• The (anti-)de Sitter-Schwarzschild (Kerr) space-
time is an exact solution.
It could be interesting to consider if the particle cor-
responding to the massive spin two field can be dark
matter.
Because the (ant-) de Sitter-Schwarzschild (Kerr)
black hole space-time is an exact solution, it could be
Table 1: The relation between C1,2 and the corresponding space-time and the stability of the solutions
0 < λ − 2µ23m2 < λ < 0 − 3µ
2
4m2 < λ < − 2µ
2
3m2
de Sitter no solution C2 (stable) no solution
Anti-de Sitter
C1 (unstable)
C2 (unstable)
C1 (unstable)
C1 (unstable)
C2 (stable)
4
interesting to investigate the entropy of the black hole.
As a tentative result, we have found that the entropy
would not be changed from the case of the Einstein
gravity, whose situation is different from the Hassan-
Rosen bigravity.case [21, 22], where the entropy is the
sum of the contributions from two metric sectors cor-
responding to gµν and fµν .
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